Abstract. For generic Sturm-Liouville problems with piecewise constant leading coefficients, the leading coefficient can be determined up to a finite ambiguity from the eigenvalues of the problem.
Introduction
Ordinary differential operators with discontinuous leading coefficients occasionally arise in scientific modelling; for instance [11] and [8] discuss such a geophysical application, while [ 10] gives examples in electromagnetics and elasticity. This paper addresses the inverse spectral problem of recovering information about the coefficients of Sturm-Liouville operators from the sequence of eigenvalues. The case we analyze is the case when the leading coefficient has a finite number of jump discontinuities. Our aim is to determine, to the extent possible, the location and magnitude of these jumps from the spectrum of a single Sturm-Liouville problem.
Inverse eigenvalue problems, usually for equations of the form -y" + q(x)y = Xy with a variety of boundary conditions, have an extensive literature. Unless q(x) is constrained, one needs the spectra from two sets of boundary conditions, or one spectrum and a sequence of norming constants, to uniquely determine q(x). Early important work on these problems was done by Borg [3] , followed shortly thereafter by extensive work in the Soviet Union [6, 9] . More recently, new geometric ideas were introduced by McKean and Trubowitz and their coworkers (see [15] and the references therein). There have been several works addressing inverse eigenvalue problems with less-regular coefficients. Most of these are motivated by geophysical models for oscillations of the earth.
Hald [8] examines problems with an interior jump condition. Andersson [1] and Coleman and McLaughlin [5] consider problems of the form (p2y')' + Xp2y = 0 with coefficients too irregular for the classical reduction to Liouville normal form. For surveys of these and related results and extensive lists of references one can consult [12] and [4] . Elementary examples show that in general p cannot be determined from the eigenvalues of the problem (l.a). If q(x) -0 and a -c -0, then the two problems with coefficients P\(x) and p2(x) will have the same eigenvalues if P\(x) = p2(\ -x). A more interesting family of examples on the interval [0, n] was pointed out in [7] . If 0 < a < 1, it is easy to show that the following problems all have the same eigenvalues:
where p(x) -l/(2a) for 0 < x < an and p(x) = 1/(2(1-a)) for an < x < it. To state the main result it will be convenient to introduce some notation. By a change of variables it is possible to show that more general boundary value problems will have the same eigenvalues as one of the problems (l.a). Consider first a problem of the form
It is assumed that R(x), l/R(x), P\(x), and 1/P\(x) are positive and bounded and that Pi (x) is continuous except for a finite number of jump discontinuities. It is pointed out in [13] Notice that the entries of T" are entire functions of X and that
The following lemma is the result of direct computation. If we define p^ -1 and px-i = Pn-i then it is a simple computation to verify that
F0(X) = [d, -c]TN.i---T0 b .
It is also elementary that F0(X) is an entire function of order 1/2.
It will also be helpful to have a representation for the eigenfunctions y\ (x, X), y2(x, X) which satisfy the equation -(\/p2)D2y = Xy and the usual initial con- Because of the assumption that the frequencies f are distinct, it is easy to determine the numbers Cm , up to a permutation, from the f . The proof of Theorem 1.1 will be completed by using standard techniques to estimate the growth of solutions of the initial value problems
The estimates are based on the solutions y\(x, X), y2(x, X) previously developed for the case q(x) = 0. We begin with the variation of parameters representations (pj(x,X) = yj(x,X) + I [yx(t,X)y2(x,X)-yx(x,X)y2(t,X)]p2(t)q(t)(pj(t,X)dt, Jo tp'j(x, X) = y'j(x, X) + / [yi(t,X)y'2(x,X)-y[(x,X)y2(t,X)]p2(t)q(t)<pj(t,X)dt. Jo
Let Q>(x, t, X) = y\(t, X)y2(x, X) -yx(x, X)y2(t, X). Observe that for each t the function 0(x, t, X) satisfies the equation -<I>"(x, t, X) = Xp2(x)<&(x, t, X) with the initial conditions <b(t,t,k) = 0 and (d/dx)<t>(t,t,k) = y\{t,X)y'2(t,X) -y\ (t, X)y2(t, X) = 1 since it is just the Wronskian of the two solutions yi, y2. Now if x" < t < x < xn+\ then C>(x, t, X) = sin(pnco[x -t])/[pnco]. On the other hand, if x" < t < xn+\ < x then the solution crosses one of the jumps, and after applying the appropriate transition matrix we find that
In these two cases we get respectively the estimates |<D(x,t,X)\< expfl lm(o))\pn[x -t]) and
Using the representation (2.c) it is then straightforward to establish 
